One central ingredient in flamelet models for turbulent premixed combustion is the flame surface density. This quantity conveys most of the effects of the turbulence on the rate of energy release and is obtained via a modeled transport equation, called the E-equation.
Past theoretical work has produced a rigorous approach that leads to an exact, but unclosed, formulation for the turbulent E-equation (Section 1.2). In this exact E-equation, it appears that the dynamical properties of the flame surface density are determined by a single parameter, namely the turbulent flame stretch.
Unfortunately, the flame surface density and the turbulent flame stretch are not available from experiments and, in the absence of experimental data, little is known on the validity of the closure assumptions used in current flamelet models. Direct Numerical Simulation (DNS) is the obvious, complementary approach to get basic information on these fundamental quantities.
In the present work, threedimensional DNS of premixed flames in isotropic turbulent flow is used to estimate the different terms appearing in the E-equation (Section 2.
1). A new methodology is
proposed to provide the source and sink terms for the flame surface density, resolved both temporally and spatially throughout the turbulent flame brush (Section 2.2). Using this methodology, the effects of the Lewis number on the rate of production of flame surface area are described in great detail and meaningful comparisons with flamelet models can be performed (Section 3). The analysis reveals in particular the tendency of the models to overpredict flame surface dissipation as well as their inability to reproduce variations due to thermo-diffusive phenomena.
Thanks to the detailed information produced by a DNS-based analysis, this type of comparison not only underscores the shortcomings of current models but also suggests ways to improve them. 
where X is the displacement speed of the flame surface, given by the sum of the fluid velocity and the flame propagation speed in the normal direction: :K = u -{-wn; n is the unit vector normal to the flame surface; and where we use tensorial notations:
The right-hand side of Eq.(2) can also be expressed in terms of flame stretch. The flame stretch, k, is defined as the rate of change of a Lagrangian flame surface element, ,SA:
A more useful expression for k is in terms of strain rate, flame curvature, and flame propagation speed (see for example Candel & Poinsot 1990):
where aT is the rate of strain acting in the flame tangent plane: aT = V.u-nn : Vu; and km is the flame surface curvature, as given by the divergence of the flame normal direction: 2kin = V.n. In Eq.(4), positive curvature is chosen convex towards the reactants. Using Eq.(4), the balance equation for the flame surface-to-volume ratio can be re-written as:
When ensemble-averaged, this equation yields an exact balance equation for the flame surface density (Pope 1988 , Cant et al. 1990 ):
where the flame surface mean of any quantity Q is given by: (Q)s = (Q_,')/(Z') = (Q_')/Z. Note that surface means are different from standard means; in particular, the surface mean of a quantity Q is different from the ensemble mean of Q conditioned on being at the flame location (see section 2.2). 
where we use the following notations:
The three convective terms on the left-hand side of Eq. (7 
where Ta is the activation temperature and B is a constant that depends on the flame speed. This formulation corresponds to a binary reaction in which one of the reactants, YR, is strongly deficient as, for example, in fuel-lean combustion. Also, it is worth emphasizing that the simulations are not limited by the constant density assumption, and heat release effects are fully accounted for. Following Williams (1985), we re-write the reaction rate as:
where O is the reduced temperature,
Tu is the temperature of the fresh reactants;
Tb is the adiabatic flame temperature; and the coefficients A, a, and fl are, respectively, the reduced pre-exponential factor, the heat release factor, and the reduced activation energy:
In the following, we use a = 0.75 and _ = 8. Another important feature of the simulations is that transport coefficients are temperature dependent. These coefficients satisfy the following relations: The simulations describe the wrinkling of the flame zone due to turbulent motions as well as the combustion feedback due to dilatation and temperature-dependent transport properties.
Note that the turbulence is decaying in time, and conditions are non-stationary.
_,._. Diagnostic_
All terms appearing in Eq. (7) may be obtained from the simulations. We now briefly describe how. The velocity vector and the velocity gradient tensor are readily obtained from the resolved flow field. To define flame-based quantities, we make use of concepts based on a thin flame picture. First, a progress variable, c, is introduced that is used to indicate location within the reaction zone, c = 1 -YR, where YR is the normalized fuel mass fraction. The progress variable varies monotonically through the flame from 0 in the reactants to 1 in the products. Constant progress variable surfaces may conveniently be used to define the flame front location: we use the surface c = c/= 0.8. In addition, at any location on this surface, the local gradient of c defines the normal direction to the flame front:
where n points into the fresh reactants.
The propagation speed of the flame surface, w, is obtained from an expression analog to the well-known field equation (also called the G-equation). Let us first consider a point on the flame surface, c = %,. The velocity, X, at which this point must move to remain on the surface is given by:
which, using Eq.(12), implies that:
Iv¢l0t'
and which yields the following expression for the flame propagation speed: 
where p(c l) is the probability of c = c I. We now turn to the averaging problem.
In the simulations, the flame brush propagates along the x direction, and the problem remains homogeneous in the y -z planes.
Therefore, averaged quantities depend on x and time t only, and ensemble-averaging can be performed in the y -z planes:
where Ly and Lz are the y and z dimensions of the computation domain. The accuracy of this expression depends on the size of the computational domain with respect to the turbulent length scales. In the simulations, the integral length scale of the turbulent flow field grows as the kinetic energy decays; this growth, however, is rather slow, and it was determined that the integral length scale remains at least 8 times smaller than Ly and Lz. Typically, in every y -z plane within the turbulent flame brush, the statistical sample consists of approximately 10 fully independent flame events, and, although we recognize that the statistics are somewhat undersampled, reasonable accuracy is expected when estimating the first moments. Conditional means are computed by integrating along the c = c! contour:
Surface means are then obtained using the following relations: an estimate of the probability p(cf). Simple geometrical considerations lead to the following relation:
and finally, Eqs. (16), (18) and (20)yieldthe following expressionforZ:
Before applying these diagnostics to the turbulentflame simulations, we check the accuracy of our estimatesforflame stretchand flame propagationspeed using a model laminar flame problem as describedin the next section.
_.5. Validation of DNS-based estimates for flame stretch
As seen in Eqs.(5) and (6), the flame stretch, k, is the single relevant parameter that determines the growth rate of flame surface area. Since this growth rate is locally exponential, it is important to obtain accurate estimates for k. In our analysis, the flame stretch is obtained using Eq.(4). The overall accuracy of our analysis thus depends on our ability to predict correctly strain rate, flame curvature, and flame propagation speed.
To check the accuracy of our estimates, we performed simulations of a cylindrical, premixed laminar flame expanding freely into an initially quiescent medium ( Figure  la ). In this model problem, the flame stretch can be directly measured from the growth of the flame radius: The flow is from top-left (reactants) to bottom-right (products).
good agreement seen in Figure  lb demonstrates that the flame stretch as well as the flame propagation speed can be accurately monitored with our diagnostics.
Results and discussion
As described in the previous section, the present study uses three-dimensional, at all times, departures of Sc from the laminar value, 8L, remain within 20%. Thus, the principal effect of the Lewis number is to promote or inhibit the production of flame surface area. The drastic effect of the Lewis number on flame surface production is displayed in Figure 4 . For Le = 1.0 and Le = 1.2, the flame surface area initially increases, reaches a maximum, and then decreases in time. The increase occurs as the turbulence wrinkles the initially fiat flame surface. The flame then adapts to its turbulent environment, and, as the turbulence decays, the flame surface becomes smoother and relaxes to its initial state.
The overall effect of the Lewis number
The Le = 0.8 flame exhibits a strikingly different behavior:
the flame surface area keeps increasing in time without saturation. Although saturation might be expected at later times, our simulations are limited by the size of the computational domain and this subsequent phase cannot be observed.
In any ease, the simulations indicate that saturation will not occur on a time scale characteristic of the turbulence, and, in that sense, the flame can be said to be unstable.
The differences between the Le = 0.8 and Le = 1.2 flames are in fact so pronouneed that they can easily be observed by comparing instantaneous snapshots of the flame surface (Figure 2 ). For instance, for Le = 0.8, fingers of burnt products are seen to propagate at a fast rate into the fresh reactants (Figure 2a) . We believe this "fingering"
is an important ingredient of the flame instability process. The "fingering"
is not observed in the Le = 1.0 or Le = 1.2 flames (Figure 2b ).
3.,_. The source and sink terms in the equation for E
The effects of the Lewis number are now further studied by analyzing the structure of the terms appearing on the right-hand side of the equation for the flame surface density, E. As described in section 2.2, the analysis takes advantage of the fact that the problem is statistically one-dimensional and provides the source and sink terms for ]E as a function of time t and position x within the turbulent flame brush. Figure 5 compares several E-profiles through the turbulent flame brush taken at different instants in the simulations.
The Lewis number is 0.8. At t = 0, E is a delta function located at x = 0. As time evolves, the turbulent flame brush gets thicker and propagates deeper into the reactants. Accordingly, the E-profile spreads out and shifts towards negative values of x. In the simulations, this shift is rather weak but can clearly be seen at the latest times (t = 6r in Figure 5 ). Note that the integral of E through the flame brush gives the relative increase of total flame surface area:
where Sv(t) is the flame surface area within the computational domain of size V. , it might be inferred from Figure 6 that the statistical distribution of Sc is non-homogeneous as well. Figure 7 shows that this is indeed the case. For Le < 1, (Sc)s is a decreasing function of the mean progress variable, (c): the combustion intensity is higher at the leading edge than at the rear edge of the turbulent flame. For Le > 1, the trends are opposite: the combustion intensity is lower at the leading edge, close to (c) = 0, than at the rear edge, close to (c) = 1. For Le = 1, (Sc)s remains approximately constant and equal to the laminar flame speed, sL. In the flamelet regime, a flame element can be characterized by two speeds: So, which is a chemical rate, and w, which is a kinematic quantity and gives the velocity of the flame front with respect to the flow field (Eq. (15)).
For a strain-free, plane laminar flame these two speeds are the same and equal to st,. As pointed out by Poinsot et al. (1992) , in the context of highly stretched flames, Sc and w can be significantly different. This is best seen in the context of laminar flame instabilities, where the classical linear theory shows that the stability problem is not solved at the level of determining the Markstein length but also requires solving for a dispersion relation, which includes hydrodynamic effects (Clavin 1985, At the leading edge, strain rate and flame propagation effects are locally cumulative and the overall balance is strongly positive. The leading edge of the turbulent flame is a region of strong production of flame surface area. On the contrary, the propagation term takes large negative values on the burnt side. In that region, strain rate and flame propagation effects are locally opposite, and the overall balance is negative.
The rear edge of the turbulent flame thus appears as a region where flame surface area gets strongly dissipated. Figure 11 spatially resolves the balance between production and dissipation of flame surface area. The net effect is given by defining a mean stretch, k, spaceaveraged throughout the flame brush:
gives the instantaneous rate of change of the flame surface area in the computational domain.
If k is positive, the flame surface grows; if negative, the flame surface contracts.
The next section further discusses the effect of the Lewis number on the spatially-resolved flame stretch profile, as well as the resulting impact on the net mean flame stretch, k, and presents some comparison with flamelet models. (1990) . In this formulation, the turbulent flame stretch is written as:
Comparison of DNS results with flamelet models
where k, is the turbulent kinetic energy and e its dissipation; (YR) is the ensembleaveraged fuel mass fraction. The first term on the right-hand side of Eq.(25) represents straining due to the flow motions and is assumed to scale with the integral time scale of the turbulence; the second term is a disparition term associated with flame propagation and is assumed to scale with the laminar flame speed, SL, and the flame surface density, E. Figure 12 shows that this model is indeed able to reproduce qualitatively the spatial structure of the balance between production and dissipation of E, going from production at the leading edge of the turbulent flame to dissipation at the rear edge. However, the 1/(YR) behavior of the disparition term leads to numerical difficulties on the burnt side of the flame. The model, therefore, overpredicts the dissipation of E, near (c) = 1, and gives a negative mean flame stretch, k = -3.6, in strong disagreement with the values reported above. In addition, the disparition term in Eq.(25) is always and everywhere negative and cannot account for the possible transition to unstable flame conditions as observed in the simulations.
Conclusion
Flamelet models constitute one of the most common approach for turbulent premixed combustion.
In these models, the flame surface density is a central ingredient that conveys most of the effects of the turbulence on the rate of energy release. Using this methodology, the effects of the Lewis number on the rate of production of flame surface area are described in great detail. Principal findings are that: (1) the balance between production and dissipation of flame surface area is strongly non-homogeneous: the leading edge of the turbulent flame is a region of production of flame surface area, whereas the rear edge is a region where flame surface gets strongly dissipated;
(2) the turbulent flame is most sensitive to Lewis number effects at the leading edge, whereas it remains unaffected on the burnt side.
These results suggest that most of the important dynamical features of turbulent flames take place at the leading edge of the reaction zone. Detailed comparisons with flamelet models were also performed. The analysis reveals the tendency of the models to overpredict flame surface dissipation as well as their inability to reproduce variations due to thermo-diffusive phenomena. Thanks to the detailed information produced by a DNS-based analysis, this type of comparison not only underscores the shortcomings of current models but also suggests ways to improve them. Future work will focus on the development of a new formulation of the E-equation that would incorporate thermo-diffusive mechanisms.
